The recently derived expressions for finite gauge transformations in double field theory with duality group O(d, d) are generalised to give expressions for finite gauge transformations for extended field theories with duality group SL(5, R), SO(5, 5) and E 6 . The generalised metrics are discussed.
Introduction
String theory on a toroidal background gives rise to a double field theory, with fields depending on a doubled spacetime in which the periodic coordinates x i on the torus are supplemented by dual periodic coordinatesx i conjugate to the winding numbers. Key features of double field theory (DFT) are that T-duality is manifest and the fields depend on all the doubled coordinates. The double field theory corresponding to the metric, b-field and dilaton of the bosonic string was derived from string theory in [1] to cubic order in the fields. The full theory has proved rather intractable, and much work has been done on a small subsector of the theory, obtained by imposing the 'strong constraint', which locally implies that locally all fields and parameters depend on only half the doubled coordinates. The strongly constrained theory has been found to all orders in the fields [2, 3] , and is locally equivalent to the conventional field theory of metric, b-field and dilaton, and DFT reduces to the duality-covariant formulation of field theory proposed by Siegel [4] , and can be thought of as a formulation in terms of generalised geometry [5] - [11] . Further details on the history of DFT relevant here are given in [12] and reviews and further references are given in [13, 14, 15] .
There has been much work on extending this to formulations of supergravity in which Uduality is manifest. Generalised geometry has a natural action of the continuous group O(d, d) and in [16, 17] this was generalised to extended geometries in which there is a natural action of a duality group E d . Doubled geometry with extra coordinates conjugate to string winding modes then has a natural generalisation to an extended geometry with extra coordinates conjugate to brane wrapping modes [18] , with a natural action of E d duality transformations. Extended field theories (EFT) generalise strongly constrained DFT to a theory on an extended geometry that is covariant under E d U-duality transformations [18] , [19] - [37] . See [14] for a review and further references on EFT.
DFT was derived for toroidal backgrounds, but the resulting theory has a certian background independence [3] , suggesting that DFT could be apllicable to more general backgrounds. To address such questions requires a better understanding of transition functions and global structure, and for this one needs formulae for gauge transformations with finite parameters. The infinitesimal gauge transformations of DFT or EFT are given by the action of the so-called generalised Lie derivative. As this is given by the usual Lie derivative in the doubled or extended spacetime, it is tempting to think of these in terms of some generalisation of a diffeomorphism in the doubled or extended spacetime. However, the gauge algebra is very different from that of diffeomorphisms in the extended space, and is in fact locally equivalent to the algebra of diffeomorphisms and p-form gauge transformations in the original (unextended) spacetime. There have been a number of papers seeking expressions for finite gauge transformations in DFT [15] , [38] - [43] . There are a number of problems with some of these proposals, as has been discussed in [41] and [12] . In particular, the proposal of [38] attempts to realise the gauge transformations as diffeomorphisms in the doubled space, with novel transformation properties for generalised tensors. This runs into difficulties as the gauge algebra is not that of diffeomorphisms [12] , and realising b-field transformations as diffeomorphisms of dual coordinates is problematic in general [41] .
In [12] , explicit forms were found for finite gauge transformations in DFT that have the correct gauge algebra, are in agreement with the finite transformations for the metric and bfield, and which make explicit contact with generalised geometry. The purpose of this paper is to extend these results to extended field theories with duality group E d . We will consider the cases E 4 = SL(5, R), E 5 = SO(5, 5) and E 6 ; we expect similar results will hold for E 7 . While this paper was in preparation, the paper [44] appeared addressing the same question, but using an approach which appears to suffer from the same issues as the approach of [38] .
Finite Transformations for Double Field Theory
In this section, we review the results of [12] . Double field theory has fields on a doubled spacetime M with coordinates X M , where the indices M, N = 1, . . . 2D transform covariantly under the action of O(D, D). Indices are raised and lowered using the constant O(D, D) invariant matrix η M N of the form
The fields and gauge parameters satisfy the 'strong constraint' (so that ∂ M ∂ M A = 0 and ∂ M A ∂ M B = 0 for any fields or parameters A and B). It was shown in [2] that the strong constraint implies that, at least locally, all fields are restricted to a D-dimensional subspace that is null with respect to η.
Consider a patch U of M with coordinates under GL(D, R). The strong constraint is solved by having all fields independent ofx m so that
on all fields and parameters. Then the fields just depend on the coordinates x m , parameterising a D-dimensional patch U (which can be thought of as the quotient of U by the isometries generated by ∂/∂x m ). The generalised Lie derivativê
where L v is the usual Lie derivative on U.
Under an infinitesimal transformation with parameter
It will be convenient to rewrite the components of the generalised vector W as
where e m = ∂/∂x m and e m = dx m are the coordinate bases for T U and T * U, respectively. Then the generalised vector can be written as W = w ⊕w (1) .
(2.13)
Under an infinitesimal transformation with parameter V , these transform as
14)
where L v is a Lie derivative on patch U. Next, we introduce a gerbe connection B (2) on U, 16) which transforms under the gauge transformation as
transforms as
and so is a 1-form on U, and is invariant under theṽ transformations. Then
is a section of (T ⊕ T * )U. The finite transformation ofŴ is given by
where x ′ (x) = e −v m ∂m x. Using the finite transformation of the coordinate bases 22) the finite transformation of the components ofŴ are then
The finite transformation of the gerbe connection can be taken to be
This then gives the finite transformations ofw (1) :
To summarise, the transformation of W is given by
which implies the components (w m ,w m ) transform as 
where m, n = 1, . . . , 4 andw mn = −w nm . The coordinates in a patch U consist of 7 spacetime coordinates y µ , µ = 0, . . . , 6, together with 10 internal coordinates X M transforming as a 10 of SL(5, R). This decomposes under GL(4, R) ⊂ SL(5, R) as
where, in a suitable duality frame, x m are the usual coordinates on T 4 andx mn are periodic coordinates conjugate to M2-brane wrapping numbers on T 4 . Fields and gauge parameters depend on both y µ and X M , but we will suppress dependence on y µ in what follows. The strong constraint of SL(5, R) EFT is given by
where (. . . ) represents fields and gauge parameters, and the indices i, j = 1, . . . , 5 label the fundamental representation 5 of SL(5, R). An index M can be regarded as an antisymmetric pair of indices [m 1 m 2 ], so that ǫ iM N = ǫ im 1 m 2 n 1 n 2 . The strong constraint can be solved such that the fields are independent of wrapping coordinatesx mn so that
. The gauge transformations of SL(5, R) extended field theory are given by the generalised Lie derivative, which is defined aŝ
It is convenient to rewrite the components of the generalised vector as w = w m e m , (3.6)
Then the generalised vector W is W = w ⊕w (2) .
Under a gauge transformation with gauge parameter V , a generalised vector W transforms as
This decomposes into
where L v is the ordinary Lie derivative with a parameter v.
Next we introduce a gerbe connection C (3) ,
which transforms under a gauge transformation as
This allows us to defineŵ (2) byŵ
Under a gauge transformation, this transforms as a 2-form
and is invariant under theṽ transformations. Therefore,Ŵ = w ⊕ŵ (2) is a section of (T ⊕ Λ 2 T * )U. This allows us to immediately write down the finite transformation ofŴ , which is given by
where x ′ = e −v m ∂m x. Using the finite transformation of the coordinate bases given by
the finite transformation of the components ofŴ are then
This then gives the finite transformation ofw (2) :
To summarise, the transformation of W is given by 25) which implies the components (w m ,w mn ) transform as 27) where (dṽ (2) 
SO(5, 5) Extended field theory
In SO(5, 5) extended field theory [20, 32] , a generalised vector W M transforms as a spinor of SO (5, 5) , where the indices M, N = 1, . . . 16 label the positive chirality spinor representation. It decomposes under GL(5, R) ⊂ SO(5, 5) into
where m, n = 1, . . . , 5,w mn = −w nm , andw mnpqr =w [mnpqr] . The coordinates in a patch U consist of 6 spacetime coordinates y µ , µ = 0, . . . , 5, together with 16 internal coordinates X M transforming as a 16 of SO (5, 5) . This decomposes under GL(5, R) ⊂ SO(5, 5) into
where, in a suitable duality frame, x m are the usual coordinates on T 5 andx mn are periodic coordinates conjugate to M2-brane wrapping numbers on T 5 andx mnpqr are periodic coordinates conjugate to M5-brane wrapping numbers on T 5 . Fields and gauge parameters depend on both y µ and X M , but we will suppress dependence on y µ in what follows. The strong constraint of SO(5, 5) EFT is given by
where (. . . ) represents fields and gauge parameters, γ a M N is a gamma matrix of SO(5, 5) and a = 1, . . . 10 labels the vector representation of SO(5, 5). The strong constraint can be solved such that the fields are independent of wrapping coordinatesx mn andx mnpqr so that
. The gauge transformation of SO(5, 5) extended field theory is given by the generalised Lie derivative, which iŝ
It is convenient to rewrite the components of the generalised vector as
33)
34)
Then the generalised vector W is
Under a gauge transformation with gauge parameter V , the generalised vector W transforms as
which decomposes into
where L v is an ordinary Lie derivative with a parameter v.
Next we define a gerbe connection C (3) ,
This allows us to defineŵ (2) andŵ (5) bŷ
Under a gauge transformation, these objects transform as a 2-form and a 5-form, respectively,
and are invariant under theṽ transformations. Therefore,Ŵ = w ⊕ŵ (2) ⊕ŵ (5) is a section of
The finite transformations are then
the finite transformation of the components ofŴ are The finite transformation of the gerbe connection can be taken to be
This give the finite transformation ofw (2) :
Furthermore, the finite transformations ofw (5) arẽ
To summary, the transformation of W is given by
which implies the components (w m ,w mn ,w mnpqr ) transform as 
E 6 Extended field theory
In E 6 extended field theory [24, 26, 35] , a generalised vector W M transforms in the fundamental (27) representation of E 6 with M, N = 1, . . . , 27. It decomposes under GL(6, R) ⊂ E 6 into
where m, n = 1, . . . , 6,w mn = −w nm , andw mnpqr =w [mnpqr] . The coordinates in a patch U consist of 5 spacetime coordinates y µ , µ = 0, . . . , 4, together with 27 internal coordinates X M transforming as a 27 of E 6 . This decomposes under GL(6, R) ⊂ E 6 into
where, in a suitable duality frame, x m are the usual coordinates on T 6 andx mn are periodic coordinates conjugate to M2-brane wrapping numbers on T 6 andx mnpqr are periodic coordinates conjugate to M5-brane wrapping numbers on T 6 . Fields and gauge parameters depend on both y µ and X M , but we will suppress dependence on y µ in what follows. The strong constraint of E 6 EFT is given by
where (. . . ) represents fields and gauge parameters,and c M N P and c M N P are the E 6 invariant tensors. The strong constraint can be solved such that the fields are independent of wrapping coordinatesx mn andx mnpqr so that . The gauge transformation of E 6 extended field theory is given by the generalised Lie derivative, which is defined aŝ
It is convenient to rewrite the components of the generalised vector as 
Next we introduce gerbe connections C (3) and C (6) ,
78)
which transform under gauge transformation as
and are invariant under theṽ transformation. Therefore,Ŵ = w ⊕ŵ (2) ⊕ŵ (5) is a section of
Their finite transformations are given by The finite transformation of the gerbe connections can be taken to be
This then gives the finite transformation ofw (2) : (3.97) and the finite transformation ofw (5) :
In summary, the transformation of W is given by
Generalised Tensors
In this section, we review the construction of tensors and twisted tensors in DFT of [12] and then generalise this to EFT .
Generalised Tensors of Double Field Theory
The untwisted version of W isŴ M , which can be written aŝ
where
denotes the matrix with components
The transformation of the untwisted vectorŴ is then
The coordinate transformation acts only on the x:
The transformation of the twisted vector W was found by twisting the untwisted transformation and is
and
with B ′ (x ′ ) given by (2.24), and
(4.13)
The matrices R,R, L, S are all in O(D, D). Lowering indices with η gives similar formulae for a generalised vector with lower index
The untwisted vectorÛ
and is invariant underṽ transformations. Then the untwisted vector iŝ D) ) and transforms under a finite transformation asÛ
where here and in what followsR =R(Λ). For the twisted vectors
This extends to arbitrary generalised tensors T M N ... P Q... . We define the untwisted tensor
which transforms aŝ
so that the original tensor transforms as
Raising all lower indices with η gives a generalised tensor T M 1 ...Mp of some rank p which is a section of E p whileT M 1 ...Mp is a section of (T ⊕ T * ) p . In particular,
, and is invariant, η ′ = η.
Generalised Tensors of Extended Field Theory
For each of the extended field theories, a similar structure applies, with matrices L, L ′ , R,R, S, all of which are in the duality group G which is SL(5, R), SO(5, 5) or E 6 . The untwisted form W M of a generalised vector W M can be written aŝ
The generalised vector transforms as a representation of G and decompose into a reducible representation of GL(d, R) (where d is the rank of G) under which λ ∈ GL(d, R) acts on W to give W →R(λ)W . The transformation of the untwisted vectorŴ is then
The transformation of the twisted vector W was found by twisting the untwisted transformation and can be written as
where L ′ generates shifts of the antisymmetric tensor gauge fields and S is the corresponding gauge transformation; see below for explicit forms.
As for the DFT case, this extends to arbitrary generalised tensors T M N ... P Q... . We define the untwisted tensorT so that the original tensor transforms as
We now give the explicit forms of the matrices appearing above. For the SL(5, R) case, the untwisted vector isŴ 32) where
. For the SO(5, 5) case, the untwisted vector iŝ 
Then the L matrix for the SL(5, R) theory is 35) while for the SO(5, 5) theory it is
and for the E 6 theory it is
The matricesR for the SL(5, R), SO(5, 5) and E 6 theories are given bŷ
respectively. The L ′ matrix for the SL(5, R) theory is
while for the SO(5, 5) theory it is
Finally, the matrix S for the SL(5, R) theory is
where (dṽ (2) ) rpq = ∂ [rṽpq] and (dṽ (5) ) mnpqrs = ∂ [mṽnpqrs] .
The Generalised Metric in DFT and EFT
For DFT and EFT, there is a duality group G (which is O(D, D) for DFT and E D for EFT) with maximal compact subgroup H. Remarkably, the fields (g mn , B mn ) in DFT and (g mn , C mnp , C mnpqrs ) in EFT can be regarded as a field taking values in the coset G/H -the coset space can be locally parameterised by g mn , B mn or g mn , C mnp , C mnpqrs [16] . A field taking values in the coset G/H can be represented by a vielbein V A M (X) ∈ G transforming as
then the degrees of freedom can also be encoded in a generalised metric
which by construction is invariant under H transformations. We now show how the coset is parameterised by the fields (g mn , B mn ) or (g mn , C mnp , C mnpqrs ). Let e and
ThenĤ P Q is the untwisted form of the generalised metric, and is the natural metric on generalised or extended tangent vectors induced by the metric g for ordinary vectors. We now show how this works for the cases discussed here. For DFT, we recover the discussion of [12] . An untwisted vector decomposes aŝ 
where L(C (3) , C (6) ) is given by (4.36) or (4.37). This then gives explicit forms for the generalised metric, in agreement with [16, 20, 24, 26, 32, 33, 35] . For SL(5, R), there is no C (6) orŵ ( recovering the generalised metric given in [16] .
